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Isotopic dependence of charge radii. 
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Measurement and microscopic description of  
odd–even staggering  of charge radii of exotic copper 
isotopes.   Nature Physics 16, 620–624 (2020).  
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   Δ(3)r   ~  R (N-1) – 2* R (N) + R (N+1)  

Cu isotopes  



The changes in the mean-square charge radii δ〈r2〉 are calculated from the 

                  isotope shift  δν (A, A′)  via 

 

 

Here F, KSMS and KNMS are the atomic field shift, specific mass shift and normal mass 
shift factors, respectively. 

DMS:    δ< rch
2(A) > = δ< rch

2(A) > -  < rch
2(A’) >       

If the isotope shift  measurements are performed on more than one isotope, 
one can find the difference in the hyperfine structure centroid frequency  of 
two isotopes with mass numbers  A  and   A′. 

 
 
  

ΔRch(3) =(-1)N+1/2  [ Rch(N-1) – 2*Rch(N) + Rch(N+1) ] 



Collinear resonance ionization laser spectroscopy.   
CRIS-CERN 2016 – 2022.   Nuclear charge radii. 
 

 Not described with Skyrme functionals  : 
   Parabolic shape R( N=20) =  R(N=28) . OES .    
Unexpected  grows of Rch at N>28 in Ca. 
 
 Fayans :  DF3,   FaNDF0  (© Кurchatov Inst., 90s)  
Parabolic and OЕS  effects  are  well described 
S. Fayans, S. Tolokonnikov, E. Trykov, D.   
Zawischa,Nucl. Phys. A676, 49 (2000). 
 
S. Tolokonnikov, I.N. Borzov,  M. Kortelainen, Yu.S. 
Lutostansky, E.E. Saperstein J.Phys G42, 075102, 
2015 First applications of Fayans functional to 
deformed nuclei    - HFBTHO 
  
    …”recently developed “    Fy  (Δr; HFB) 
 
P.-G. Reinhard and W. Nazarewicz, Phys. Rev. C 95, 
064328 (2017). “Toward a global description of 
nuclear charge radii:  Exploring the Fayans energy 
density functional.” 
 The form of volume, surface  and pairing parts of  
Fy  were taken  the  same as in original  Fayans  
functional.   Parametrization protocol differs !                                                                  

Experiment : R. F. Garcia Ruiz ..... P.-G. Reinhard and 
W. Nazarewicz….  et al., Nature Physics, 12, 594 
(2016).  Unexpectedly large charge radii of neutron-
rich calcium isotopes 
U. C. Perera ,A. V. Afanasjev , P. Ring  
    PHYSICAL REVIEW C 104, 064313 (2021). 
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• directly parametrize the nuclear EoS  by series of powers of the density ; 
• terms accounting for finite-size  and many-body effects . 

 
• Fayans functional:      nuclear correlation term in Coulomb exchange  

• Density gradient  pairing . 

         Phenomenological  EDF                                         

                 DF3… -a, -b, -f ,…FANDF0    

S.A. Fayans   + collaborators,  KI ,Moscow  

BCPM  - Barcelona–Catania–Paris–Madrid   
 ( originating from an early work by Baldo et al. )   

 SeaLL   -  Seattle–Livermore .  

    τ = p2/2M,   m*/M =1  

               Fayans  and  SeaLL  functionals  are  the Kohn-Sham type  EDF : 
 free (independent-particle)  kinetic energy operator   



Self-Consistent Ground State. Fayans EDF.  

Skyrme  EDF  

E_vol, E surf :  ρ – dependent      
 terms  of Fayans  EDF  

           Fractional (Pade-like) ansatz allows  for:  
- transformation of the EDF components to Migdal quasiparticles; 
- Besides that one can retrieve the volume EDF parameters 
 
      from symmetric nuclear matter EOS  (Fridman-Panharipande)   



Most of the nuclear EDFs used in self-consistent mean-field calculations have been 
derived from phenomenological effective interactions. The  Fayans functional differs 
from Skyrme functional  in the volume,  surface and pairing parts .    

  

     C. Gorges et. al.  PHYSICAL REVIEW LETTERS 122, 192502 (2019) 

 V.A Khodel, E.E Saperstein Phys.Repts. 92 (1982) ,    
 A.B Migdal   Finite Fermi-System Theory. 2nd ed. , Nauka, Moscow, 1983,  
 S.A Fayans  JETP Letters 104 (1998)  :  



 Pairing EDFs  -  depends on ρ ,  grad(ρ). 

                                        Fy (Δr, HFB)       

 P.-G. Reinhard and W. Nazarewicz, Phys. Rev. C 95, 064328 (2017)  
          The pairing parts taken from the Fayans functional.  

x+= (ρp+ρn)/ 2 ρ0   
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Description of  the parabolic shape  
for N=20 -28 is reasonable.  
 
Moderate OES at N>28 in contrast  
to  Fy(Δr, HFB) 
 
Systematical errors @ N~32 are  high 
 
Underestimate at N>28 for K isotopes . 

Black :  Á. Koszorús et.al., Nat.Physics,  doi.org/10.1038/s41567-020-01136-5 
  



 
Experimental and Fy (∆, BCS)   

rms charge radii  
for potassium isotopes        

The absolute charge radii determined relative to  39K. Calculations were performed 
with the nuclear CC method using NNLOsat and ΔNNLOGO(450) interactions, and 
with the Fayans – DFT using the Fy(Δr, HFB) energy density functional. 
           
      Á. Koszorús et.al., Nature Physics,  doi.org/10.1038/s41567-020-01136-5 
                  Systematical (atomic physics) errors @ N~32 are rather high 

CC 
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Rch (rms). Form of pairing.              

Pure volume and pure surface pairing – do not describe parabolic  
shape and “exaggerate” OES.    
       cf.   U. C. Perera ,1 A. V. Afanasjev ,1 and P. Ring 2 

 

Density gradient term – describes OES , smoothing OES at N>28.           

PHYSICAL REVIEW C 104, 064313 (2021) 
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    Three  universal features of isotopic dependence  (K, Ca, Sc). 
 

А  similar N-Z dependence  of dms  
              (relative to N=28). 
Easy to parametrize  (up to Zn) as : 
                        ~(N-Z) 
M.Kortelainen  Phys.Rev . 102  (2022) 

Universal underestimate of radii an N>28). 
Non-regular (A-dependent) contribution of  
the quasiparticle-phonon coupling 
I.N. Borzov,  E.E. Saperstein, S.V. Tolokonnikov 
 JETP Lett. 102  (2016). 

         А parabolic shape  
  (between N=20 and N=28) and OES 
 Described only with gradient pairing 
 S.A. Fayans et.al. Nucl. Phys. 49  (2000) 



 Particle-phonon contribution 

            (Bohr-Mottelson): 

  

DF3-a  incl.  2+ and 3- phonons    

E.E. Saperstein, I.N.Borzov, S.V. Tolokonnikov 
JETP. Lett.  104  218 (2016) 

Particle-phonon  (FFST): 

  Anomalous exp. charge radii in 49 -- 52 Ca isotopes 



 
DMS charge radii Ar -Ti isotopes relative to N=28  
in which the systematiс uncertainties are largely   
   cancelled out 
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          Á. Koszorús et.al., Nat.Physics,  doi.org/10.1038/s41567-020-01136-5 

  Charge radii of exotic potassium isotopes challenge nuclear       
    theory and the magic  character of  N = 32. 

  
From the charge radii, the odd–
even staggering (OES) can provide 
a signature of magicity. This is 
investigated by  the, so-called,  
“3-point filter” Δ(3) parameter. 
 
At well-known shell gaps, Δ(3) 
parameter is locally inverted, as 
shown for potassium and calcium 
at N = 28. However, no such 
inversion is seen at N = 32 for 
potassium. 

   Δ(3) =1/2 (-1)N+1  [ rms(N-1) – 2*rms(N) + rms(N+1)]  



Three-point filters ∆(3) for rms-radii 
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All the anti-resonances are at the right places @ N=20, 28, 32. 
NB!   What about the exp. @ N=20 cf. N=28 



Prospects 

•    So far :  near-spherical  nuclei with pairing (Ar,K, Ca, Sc,Ti). 

•   A challenge:  deformed nuclei . 

•  The nuclear densities carry more direct info  on nuclear 
structure than the radii. The  E+M and  weak densities 
calculations are planned with an eye  on Rnp and EOS . 

 

  Interplay of deformation, 
  more complex form of pairing 
  and  phonon+qp effects.   
  Specific problem: odd-odd nuclei. 
Yb isotopes radii anomaly– possible BSM effects 
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